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So far in the class

¢ Decision trees

» Inductive bias: use a combination of small number of features
+ Nearest neighbor classifier

» Inductive bias: all features are equally good
¢ Perceptrons <«—— Joday

» Inductive bias: use all features, but some more than others
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A neuron (or how our brains work)
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Neuroscience 101
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Perceptron

¢ Input are feature values /
¢ Each feature has a weight AT
¢ Sum in the activation

actlvatlon W X E W;T; = wix

¢ If the activation is:
» > [, output class 1
» otherwise, output class 2
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Perceptron

¢ Input are feature values / -
¢ Each feature has a weight " pentmterca

¢ Sum in the activation

Cell body or Soma

L e — T

actlvatlon W X E W;T; = wix

¢ If the activation is:
» > [, output class 1
» otherwise, output class 2

X — (x,1)
wlix+b— (w,b)l(x,1)
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Example: Spam

+ Imagine 3 features (spam is “positive” class):
» free (number of occurrences of “free”)
» money (number of occurrences of “money”)
» BIAS (intercept, always has value 1)

- T
emalill X W W X
BIAS : 1 BIAS : -3 (D(=3) +
)  |free : 1 free : 4 (1)(4)  +
free money money : 1 money : 2 (DR +
=3

wlix >0 — SPAM!
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Geometry of the perceptron

¢ In the space of feature vectors
» examples are points (in D dimensions)
» an weight vector is a hyperplane (a D-1 dimensional object)
» One side corresponds to y=+1
» Other side corresponds to y=-1
o Perceptrons are also called as linear classifiers

W
BIAS : -3
free : 4
money : 2
-1 = HAM
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Learning a perceptron

Input: training data (x1,v1), (X2,¥2), - - -, (Xn, Yn)

Perceptron training algorithm [Rosenblatt 57]

¢ Initialize w < |0,...,0
o foriter=1,..., T
»fori=1,..,n
e predict according to the current model

N
y’l, - _1

o if Yi = Ui, no change
° else,w <~ W + vy, X;

it WTXZ' > (
if wlix, <0
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Learning a perceptron

Input: training data (x1,v1), (X2,¥2), - - -, (Xn, Yn)

Perceptron training algorithm [Rosenblatt 57]
¢ Initialize w < [0, ..., 0
o foriter=1,...,T
»fori=1,..,n
e predict according to the current model

X { +1 if wlix, >0

Ji = —1 if WTXZ' <0

o if Yi = Ui, no change
° else,w <~ W + 1, X;

error driven, online, activations increase for +, randomize
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Properties of perceptrons

¢ Separability: some parameters will classify

the training data perfectly

+ Convergence: if the training data is separable

then the perceptron training will eventually
converge [Block 62, Novikoff 62]

+ Mistake bound: the maximum number of
mistakes is related to the margin

assuming, ||x;|| <1

#mistakes < 5%
0 = MaXy MiN(x, ;) [inTXZ']

such that, ||w]|| =1
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Proof of convergence
Let,w be the separating hyperplane with margin ¢
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Proof of convergence
Let,w be the separating hyperplane with margin ¢

% wliwk) = w71 (w(k_l) + yz-xz-) update rule
O

2 > wlwlk=1 1§ definition of margin
2 > ké w®)|| > ko
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Proof of convergence
Let,w be the separating hyperplane with margin ¢

% wlwlh) = w7 (w(k_l) + yixi) update rule
O

g > wlwlk=b 45 definition of margin
2 > ko w®|| > k6
% w12 = [|lwFD 4+ x4 ]? update rule
&C; < w12 4 ysxi |2 triangle inequality
:é < w12 + 1 norm
g <k [w || < Vi
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Proof of convergence
Let,w be the separating hyperplane with margin ¢

% wlwlh) = w7 (w(k_l) + yixi) update rule
O

g > wlwlk=b 45 definition of margin
2 > ko w®|| > k6
% w12 = [|lwFD 4+ x4 ]? update rule
&C; < w12 4 ysxi |2 triangle inequality
:é < w12 + 1 norm
g <k [w || < Vi

1
ko < ||W(k)H <Vk—k < 52
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Limitations of perceptrons

¢ Convergence: if the data isn’t separable,
the training algorithm may not terminate

» NOISe can cause this

» some simple functions are not
separable (xor)

+ Mediocre generation: the algorithm
finds a solution that “barely” separates
the data

training

+ Overtraining: test/validation accuracy
rises and then falls

» QOvertraining is a kind of overfitting

test
neld-out

accuracy

iterations
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A problem with perceptron training

+ Problem: updates on later examples can take over

» 10000 training examples
The algorithm learns weight vector on the first 100 examples
Gets the next 9899 points correct
» Gets the 10000t point wrong, updates on the the weight vector
This completely ruins the weight vector (get 50% error)

vV(9999)
s F;"
Y o
&

< X10000

v

v

v

w(10000)

+ Voted and averaged perceptron (Freund and Schapire, 1999)
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Voted perceptron

Key idea: remember how long each weight vector survives

¢ Let, W(l), W(Q), . ,W(K), be the sequence of weights obtained by

the perceptron learning algorithm.
¢ Let, c(l), 0(2), ey C(K), be the survival times for each of these.

» a weight that gets updated immediately gets ¢ = 1

» a weight that survives another round gets ¢ = 2, etc.

¢ Then,

K
Y = sign (Z c(k)sign (W(k)TX)>
k=1
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Voted perceptron training algorithm

Input: training data (x1,y1), (x2,¥2), ..., (Xn, Yn)
Output: list of pairs (w1, ), (w2 @) (wl) (K

¢ Initialize: k = 0, M) =0, wlt) 0,...,0]
o foriter=1,..., T
»fori=1,..,n
e predict according to the current model

f

[+ i w T >0
Y= 21 if wk)Tx. <

\ —

o if i = Ui, cF) = k) 41
* else, W(k_l_l) — W(k) I Y; X5
cE+1) —1q

kE=k+1
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Voted perceptron training algorithm

Input: training data (x1,y1), (x2,¥2), ..., (Xn, Yn)
Output: list of pairs (w1, ), (w2 @) (wl) (K

¢ Initialize: £k = 0, M) = 0, wll) 0,...,0]
o foriter=1,..., T
»fori=1,..,n
e predict according to the current model Better
generalization,

[+ ifwBTx >0
Ui =9 _4 £ w (T, < ) but not_very
\ L= practical

o if i = Ui, cF) = k) 41
* else, W(k_l_l) — W(k) I Y; X5
cE+1) —q

kE=k+1
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Averaged perceptron

Key idea: remember how long each weight vector survives

¢ Let, W(l), W(Q), . ,W(K), be the sequence of weights obtained by

the perceptron learning algorithm.
¢ Let, c(l), 0(2), ey C(K), be the survival times for each of these.

» a weight that gets updated immediately gets ¢ = 1

» a weight that survives another round gets ¢ = 2, etc.

¢ Then,

K
Y = sign (Z (k) (W(k)TX>) = sign (V_VTX)
k=1

performs similarly, but much more practical
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Averaged perceptron training algorithm
Input: training data (x1,y1), (X2,92), - - -, (Xn, Yn)

Output: w

o foriter=1,....T
»fori=1,..,n
* predict according to the current model

N +1 it WTXZ' > ()
Ji = —1 if WTXZ' < 0

eif Yy =vY;, c=c+1

° glse, W < W + CW
W%W—I—yZXZ
c=1

¢ Return w + cw

¢ Initialize: c = 0, w = |0,...,0],w = |0, ...

0
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Comparison of perceptron variants
MNIST dataset (Figure from Freund and Schapire 1999)

d=2
10 —~———— :
random (unnorm) ——
last (unnorm)
8 avg (unnorm) -
vote
6 |
4 L
2+ e !
0.1 1 10

Epoch
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Improving perceptrons

+ Multilayer perceptrons: to learn non-linear
functions of the input (neural networks)

Input layer Hidden layer Ountput layer

¢ Separators with good margins: improves
generalization ability of the classifier (support
vector machines)

¢ Feature-mapping: to learn non-linear
functions of the input using a perceptron

» we will learn do this efticiently using kernels

¢ Z3 'y
2t ~ T T~ X x X
x| x X X ¢ . (
X ' X
o X __x__\_\ N % Xx - \L1,T2
i \/l Mt i 2 2
X tonl _—f/(. T 1 <’.:/ 2 Zl XL 1 I £r 2 -
x XX A a? b2
X ~—
z9 h
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Slides credit

¢ Some slides adapted from Dan Klein at UC Berkeley and CIML book
by Hal Daume

+ Figure comparing various perceptrons are from Freund and Schapire

CMPSCI 689 Subhransu Maji (UMASS) 19/19



