Overview

Modern programming languages include more interesting, and
more complex, data types than num and str.

CMPSCI 630: Programming Languages
Toward More Realistic Languages —
Product and Sum Types

To analyze such features, we’'ll start with these types:

Spring 2009 e Product, or tuple, types.

(with thanks to Robert Harper)
e Sum, or disjoint union, types.

Product Types Product Types: Abstract and Concrete Syntax
Product, or tuple, types give you structured data. Category Item Abstract Concrete
Type T 1= unit unit
e Nullary products: unit. Sole value is (). | prod(ri;m) T1 X T
Expr e I= triv ()
pair(ersen) (e1,e)
e Binary products: 71 X 7. Values are ordered pairs. | projlill(e) pry(e)

| projlrl(e) pry(e)

e n-ary products: M;cy7;. Values are ordered n-tuples. Binary (and nullary) product types.

e Labelled products, or records: {name:string, salary:float}. Introductory form is pairing (unit element or null tuple).

Elements are labelled tuples. Records are a basis for objects. - . R .
Eliminatory form is projection (none for nullary).
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Product Types: Static Semantics Product Types: Dynamic Semantics
Ftriv:unit triv val
Fhei:m They:im {eg val} {ep val}
I F pair(ey;ep) : prod(7r1;72) pair(ej;ep) val
[+ e:prod(ry;m) e1 — €
FFproj (11 (e) : 7 { r— }
proj /-7l pair(ej;ep) — pair(e);ep)

I e:prod(r ;1)

!
I+ projlrl(e) : m epval ex—e)

}

pair(ej;en) — pair(eg;eh)

Bracketed premises and rules are omitted for lazy semantics and
included for eager semantics of pairing.



Product Types: Dynamic Semantics

€>—>E,

proj[1]1(e) — proj[1](e)

C)—»E,

proj [r] (e) — projlr](e)

{e1 val} {ep val}
proj[1] (pair(ej;ep)) — ey

{e1 val} {eo val}
proj[r] (pair(ej;en)) — en

Bracketed premises are omitted for lazy semantics and included
for eager semantics of pairing.

Finite Product Types: Abstract and Concrete Syntax

Category Item Abstract Concrete

Type T : prod[I1(i— 1)  Migym;
Expr e i= tuplel/] (i e)) <e>iecr
| projlI1Lil(e) e

Finite Products: Static Semantics

VMie )T keim
I tuple[/]1 (i — ¢;) : prodlI]1 (i +— 7;)

Me:prod[l1Gi—m) j€el
I+ proj[I1l51(e) @ 7;

Product Types: Safety

Theorem 1
1. Ife:7 and e— ¢/, thene . 7.

2. Ife: T, then either e val, or there exists e’ such that e — ¢'.

Preservation: By induction on evaluation.

Progress: By induction on typing. Canonical forms of product
type are pairs. Can always project from a pair of the right type.

Finite Product Types: Abstract and Concrete Syntax

Grammar is indexed by a finite index I of size n, such that
prod[I]1(i+— 7;) is an n-argument operator of arity (0, ..., 0)
whose ith argument is type 7;: MN<ig @70, -, ip—1 @ Th—1>-

Similarly, tuple[I] (i — e;) is an n-argument abt operator of arity
(0, ..., 0) whose ith operand is e;: <ig:eg, " ,in_1:€pn_1>-

Projections are indexed by a constant 0 < i < n indicating posi-
tion to select from n-tuple.

Introductory form is tupling.

Eliminatory form is (indexed) projection.

Finite Products: Dynamic Semantics

{(Vi € I)e; val}
tuple[I] (i — e;) val
ej»—m%'j Vi&Ej)e, =¢
tuple[I1 (i — ¢;) — tuple[I1 G — €;)

{

e — e/
proj[11[j1(e) — proj[I1[;1(e")

tuple [J] (i — e;) val
proj [11[7] (tuple[I]1(i— €;)) — €

Bracketed rule omitted for lazy semantics and included for eager
semantics.



Safety for Finite Products Special Cases of Finite Products

Theorem 2

1. Ife:7 and e— ¢/, thene . T. o Nullary products: unit =T 40 ; () = <0>

2. Ife: 1, then either e val is a value, or there exists ¢’ such that e Binary products: 7 x 7 = ni€{1 2\Ti ; (e1,e0) = <ei>z€{1 2} ;
e e pri(e) =e-1; prp(e) =e- ' '

or equivalently:

e Labelled products (records): Given a set L = {lg,...,l,—1} of
i i <lp: o lp—1 T 1>
If e : 7, then either e val is a value, or there exists ¢/ such that field names or field labels, product pre M<lo : 7o, ) i1 1
;. ’ has values <ig : eg, -+, l,—1 : e,—1> With e;:7; for 0 <4 < n and
e:rmande— €. . .
the projection e -1 returns the component of e labelled by
le L.
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Sum Types SumTypes: Abstract and Concrete Syntax
Sum, or disjoint union, types give you choices. Cat  Itm Abstract Concrete
Type 7 .= void void
e Nullary: void, with no elements. | sum(71; 72) T+
Expr e .= abort[r](e) abortr(e)
| in[11[71(e) in[1] (e)
e Binary: m1+75. Values are either a value of type 71 tagged | in[r] [7] (e) in[r] (e)

in[1], or a value of type 7 tagged inl[r]. case(e; x1.e1; 7p.€p) casee{in[1](x1) = ey | inlr] (xp) = en}

Binary (and nullary) sum types.
e m-ary: T+ +Ty.
Introductory form is injection (none for nullary).

e Labelled: [present:string, absent:unit]. o . .
Eliminatory form is case analysis (abort[7](e) for nullary).
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Sums: Informal Description Sums: Static Semantics
The type T1+75 is the disjoint union of r; and 7. re id

_ lhFe:void
I+ abort[7](e) : 7

e Values of each type 71 and 75 are included within it. Fhe:m 7=sum(r;m)
FEin(11071Ce) : 7

e Elements are tagged with in[1] or in[r] to indicate where Fheim 7=sum(r;m)
they came from. MEinlrllr]Ce) 1 7

. X . R . . Mte:sum(ry;m) Maeiymber:r Maymber:r
Thus int+int is quite different from int! Ik case(e; z1.e1;x0.€p) I T

e Elements are in[1]1(n) and inl[r](n).

e Disjoint union is different from ordinary set union!



Sums: Dynamic Semantics Sums: Dynamic Semantics

e e ; e e
abort [7] () — abort [7] (") case(e; x1.e1; Tp.€p) — case(e’; x1.e1; xp.€0)
_ feval} {e val}
in[1] 7] (e val case(in[1]1[7](e); w1.€1; xp.€2) — [e/z1]e1
{e val}
ENSIGIORT {e val}
inlrIlrl(e) va case(in[r] [T](e); x1.€1; Tp.€2) — [e/zo]en

Bracketed premises are omitted for lazy semantics and included
for eager semantics.

€ r— 6/
{2mmre = mmEe !

{ et e }

in[r] [7] (e) — in[r] [7] ()

Bracketed premises and rules are omitted for lazy semantics and
included for eager semantics.

Safety for Sums Finite Sum Types: Abstract and Concrete Syntax

Theorem 3

1. Ife:T and e— ¢, thene :T. Category Item Abstract Concrete
Type T = sum[I] (i — ;) iermi

2. Ife: T, then either e val, or there exists ¢/ such that e é’. Expr e = in[I]1[51(e) in[j1(e)

case[I](e; i zje;) casee{inlil(z)) = e;}ics
e Canonical forms of type sum(7y; 72): in[11[71(e) or in[r][7](e). Grammar is indexed by a finite index I of size n, such that

sum[/] (i — 7;) is an m-argument operator of arity (0, ..., 0)
whose ith argument is type 7;: X<ig: 719, - ,ip—1 : Tp—1>, Where

e The exhaustiveness of case is crucial for progress! - .
I="{ig,.. . in_1}-

Both abstractors (z;.e;) and injection labels (in[I][j]) are also

I-indexed.
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Finite Sums: Static Semantics Finite Sums: Dynamic Semantics
Mretry; jel {e val}
T FinlI1051(Ce) : sum[I1 G — 73) in[I1[51(e) val

{ € 6/ }
- - ; 7
Fhe:smlNGom) (Viel)a nbe:r inlI1[j1 (&) > inll] (11 e
I caselll(e;i— xj.e) i T oo e
case[I](e;i— mj.e;) — caselI](e;i— x;.€;)

in[I7[51(e) val
case[I] (inl[I] [j] (e) ;i > z;.€;) — [e/x;]e;

Bracketed premise and rule omitted for lazy semantics and in-
cluded for eager semantics.
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Safety for Finite Sums Special Cases of Finite Sums

Theorem 4
1. Ife:7 and e— ¢/, thene . T.

Nullary sums: void = ¥ (0 ; abort,(e) = case e{(}

Binary sums: We take I = {l,r}. Then 7i+m = Z;c/7; ;

2. If e : T, then either e is a value, or there exists e such that
the injections in[1](e) = in[1]1(e) and in[r]l(e) = inl[rl(e) ;

/
er—e.
casee{in[1]1(z1) = ey | inlr]l(22) = ex} = casee{inlil (z;) = e;};c;

e n-ary sums: Index set I = {0,...,n — 1} for some n > 0.

e Labelled sums: Index set I = {lg,...,l,—1} of labels that
serve as symbolic indices for injections and symbolic names
for cases.
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Using Products and Sums: Unit and Void Booleans: Abstract and Concrete Syntax
The type unit has one element, triv. The type void has no Simplest, most familiar example of a sum type is Booleans:
elements! Consequently, Category Item Abstract Concrete
. . R Type T i bool bool
e If a function has type int — void, it must not terminate Expr e = gt tt
for any argument. | ff £f

| if(ejep;ep) if ethenejelseen

e If a function has type int — unit, it might return, but the

result has to be triv. Values of type bool are tt and ff.

Expression if(e;e1;ep) branches on the value of e : bool.

(Some languages use void when they mean unit ....)
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Using Products and Sums Using Products and Sums: Option Types
Type bool is definable from binary sums and nullary products! Can also use sum types to define option types:
e bool = sum(unit;unit) Category Item Abstract Concrete
Type T : opt (1) T opt
e tt = in[1] [bool] (triv) Expr e :i= null null
| just(e) just(e)
| ifnulll7](e;eq;z.ep) checke{null = ejljust(z) = ep}
e £f = in[r] [bool] (triv) Values of type opt(7) represent “optional” values of type 7.

Introductory forms are null, meaning “no value” and just(e),
meaning a specified value of type 7. Eliminatory form discrimi-
nates between the two possibilities.
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e if(e;eq;ep) = case(e; xy.€1;x2.€2), wWhere zj#e; and zo#en
i.e., if(e;e1;ep) = case(e; _.e1; —.€2)



Using Products and Sums

The option type is definable from binary sums and nullary prod-
ucts!

e opt(7) = sum(unit;7)

e null = in[1] [opt (7)1 (triv)

e just(e) = in[r] [opt(7)](e)

e ifnull[7](e;ey; xp.e0) = casele; _.e1; x2.€2)
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The Null Pointer

The null pointer is a standard source of bugs.

e Null pointer exception in Java.

e Bus error in C.

Standard languages have no ability to track whether a pointer is
null.

e Must check for null on each access.

e Explicit null checks do not change the type.
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The Null Pointer

In ML there is a type distinction between
e A genuine value of type 7, and
e An optional value of type Toption.
The key to this is the presence of sum types.
e Case analysis changes the type from 7option to 7.
e The type system tracks whether a value is present or not!

There is no need for a NONE check!
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The Null Pointer

Many languages have a so-called null pointer or null object.
e The value null in Java.
e The cast (T x)0 in C.

The “null pointer” is used to model the absence of a value.
e Often as a default initial value for variables.

e As a “base case” for complex data structures.

The Null Pointer

But these problems never arise in ML! Why?

e Absence of “pointer mentality” — value-oriented program-
ming.

e Without pointers there are no null pointers!
Why are there no null pointers in ML?
e Sum types obviate the need for them!

e SML: datatype ’a option = NONE | SOME of ’a
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The Null Pointer

Skeletal ML code for working with options:

fun dispatch (x : 7 option) =
case x
of NONE => eg

| SOME (x> : 7]) => 1

Within e; the variable z’ is known not to be “null”!
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The Null Pointer The Null Pointer

Skeletal Java code for working with null pointers: A harder case:
if (x == null) if (MyMethod(x))
81 81
else else
82 82
Within s, the type of z is still Object and might still (at some The compiler cannot (in general) track that MyMethod returning
later point) be null! false implies that x is non-null!
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Summary

Products support structured data.

e Similar to struct’s in C, but with automatic allocation and
no ‘“pointers”.

Sums support alternative data.

e Choice of two distinguishable alternatives.

e Case analysis propagates type change.
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